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Abstract 

The c-curvature of a complete surface with Gauss curvature close to 
1 in C 2 norm is almost-positive (in the sense of Kim-McCann) . Our 
proof goes by a careful case by case analysis combined with perturbation 
arguments from the constant curvature case, keeping track of an estimate 
on the closeness curvature condition. 



1 Introduction and main results 

Monge's problem, in optimal transport theory, goes back to [19] • In its general 
formulation, one is looking for an optimal map / : (M, fi) —¥ (M, ft) between two 
Polish probability spaces. The optimality criterion consists in minimizing the to- 
tal cost functional / c(x, f(x)) dft(x) among measurable maps which push [i to 

J M 

ft, where the cost function c : Mx M — ¥ RU{+oo} is given lower semi-continuous 
with some additional properties (see e.g. [21] and references therein). In the em- 

— 1 2 

blematic case of the Brcnicr McCann cost function: M — M, c = —d , where M 

2 . 

stands for a complete Riemannian manifold with associated distance function d, 
this problem was solved under mild assumptions on the given probability mea- 
sures /J, and p, [21 HTj . In that case, the optimal map must read / = exp(gradu) 
for some c-convex potential function u such that the pushing condition = ft 
becomes a partial differential equation of Monge-Ampere type satisfied by u in 
a weak sense. Neil Trudinger and his co-workers observed that a similar solution 
scheme exists for a class of more general cost functions c for which, given smooth 
data, they analyzed the smoothness of the corresponding potential function u 
[16] . For the purpose of a one-sided interior estimate on an expression of second 
order (in u), they were lead to formulate a fourth-order two-points condition on 
the cost function c, called (A3S) condition. A weak form of the latter, called 
(A3W), was proved necessary (for the smoothness of u) by Loeper [T3]; in partic- 
ular, in the Brenier-McCann case, he interpreted (A3W) read on the diagonal of 
M x M as the non- negativity of the sectional curvature of M. Lately, still with 
c = ^d 2 , Cedric Villani and his co-workers were able to relate some variants of 
(A3S) , checked stable at round spheres under C 4 small deformations of the stan- 
dard round metric, with the convexity of the tangential domain of injectivity 
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of the exponential map [HI [ID] - However, the very geometrical status of the 
fourth-order expression (in c) occuring in condition (A3S) was not understood 
untill Kim and McCann interpreted it as a genuine, though quite special, 
curvature expression arising on the product manifold M x M endowed with the 

1 d 2 c 

pseudo-Ricmannian metric: h = — — — — — — (dx 1 <g> dx 3 + dx 3 ® dx l ). They also 

2 ox 1 oxi 

defined an extended version of (A3S), stronger than (A3W), called non- negative 
cross-curvature condition (NNCC, for shortly) and proved that it is stable under 
Cartesian product as well as, in the Brenier-McCann case, under Riemannian 
submersion fT2] . Actually, in that case, they defined a stronger condition called 
almost-positive cross-curvature condition (APCC, for shorljj) also shown stable 
under Riemannian submersion [T2]. So, with c = hd 2 , the stability of NNCC 
(resp. APCC) under products (resp. submersions) enables to construct new 
NNCC (resp. APCC) examples out of known ones - like the standard sphere 
[T2"] . In the present paper, we will prove the stability of APCC at the stan- 
dard 2-sphere; specifically, we will check the APCC condition for c = \d 2 on 
a complete surface with Gauss curvature C 2 close to a positive constant. This 
result complements the stability one of [8] on the 2-sphere as well as an unstated 
one (stability of APCC at the standard n-sphere, near conjugacy, see Remark [1] 
below) obtained in the course of a proof in |10j . Here, let us point out that our 
paper is drawn from an initial 44 pages draft sent by Ge to Figalli in January 
2009, thus independent from the papers [TU] first circulated in July 2009; in 
particular, our analysis of the APCC property near conjugacy (Section [4] below) 
departs from that of [10] . 

In order to state our result, let us first recall some definitions, restricting 
to connected complete Riemannian manifolds M = M with the cost function 
c = \d 2 defined on M x M \ Cut, where Cut stands for the cut locus. Using the 
aforementioned pseudo- Riemannian metric h on M x M and setting Sect/j for its 
sectional curvature tensor viewed as a field of quadratic forms on /\ 2 T(M x M), 
for each (to, to) € M x M \ Cut and each (£, f) G T m M x T„M, the associated 
cross-curvature is defined by [IT] : 

cross (rni7K) (£,£) := Sect h [(£ © 0) A (0 © £)]. 

Kim and McCann observed that it must vanish for some choice of (£, £) [T2] . 
If it is identically non- negative, we say that the manifold M is NNCC. For 
instance, the standard n-sphere is NNCC [TU [5] and if a manifold M endowed 
with a Riemannian metric g is so, its sectional curvature tensor Sect s must be 

_ 4 
non-negative because, at m = to, we have: cross( m)JTt ) (£, £) = - Sect g (£ A £), as 

o 

first observed by Loeper [14] , Pulling back by the exponential map: 

(m, V) € NoCut — > (to, exp m (U)) € M X M \ Cut , 
where NoCut is the domain of TM defined by: 

NoCut := {(to, V) € TM, Vi € [0, 1], exp m (tV) i Cut m } 

also used below as an abbreviation for non- negatively cross-curved 

2 unlike (A3S), or even (A3W) alone as soon as a factor is not NNCC 

3 also used below as an abbreviation for almost-positively cross-curved 
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(and Cut m , the cut locus of the point m), Trudinger et al noted (THl p. 164] that 
one identically recovers ^ crosS( m jjn (£, £) at m = exp m (V) with (m, V) £ NoCut 
and | = G?(exp m )(V)(V), by calculating the quantity: 

C(m, V)(£, v) := L4(m, V + A*/)(0] A=0 (1) 

where: A(m, V)(£) := \7d{p — > c(p, exp m (y))] p=m (£, £) with V the Levi-Civita 
connection of the Riemannian metric g and where D stands for the canonical flat 
connection of T m M. In [7], we performed a stepwise calculation of A(m, V)(£) 
and its first and second derivatives with respect to V, in a Fermi chart along the 
geodesic t € [0, 1] — > exp m (tV) £ M. This calculation just requires that (m, V) 
belong to NoConj, denoting so the domain^ of TM which consists of tangent 
vectors (m, W) € TM such that the geodesic segment t G [0, 1] — > exp m (tW) 
contains no conjugate points, a fact conceptualized in [5] using the Hamilto- 
nian flow (see also [TO]). Neil Trudinger suggested that one calls the quantity 
C(m, v) defined by ((T|), now with (m, V) € NoConj, the c-curvatur<H of 
M at (m, V,£, v). It is known to vanish if rank(V,£, v) < 1 [3[12]. Now, the 
definition given in [12] of an APCC (resp. NNCC) manifold reads in terms of 
the c-curvature as follows: 

Definition 1 Let M be a connected complete Riemannian manifold with cost 
function c — \d 2 . We say that M is non-negatively c-curved, or NNCC, if 
C{m, V)(£,, v) > for each (m, V) S NoConj and each couple (£, v) in T m M . If 
M is NNCC and such that: C(m, v) = if and only if the span of (V, £, v) 
has dimension at most 1, we call it almost-positively c-curved, or APCC. 

Remark 1 An intermediate (unquantified) result of [10 , unstated there as 
such, obtained via the square completion of a huge expression, goes as follows: 
// M is the n-sphere endowed with a Riemannian metric C A close to the stan- 
dard one and if (m, V) G NoConj lies close enough to the boundary of NoConj, 
then (£, v) i— > C(m, V)(t;, v) satisfies the APCC property on T m M x T m M . 

Let us call, for short, a surface any smooth compact connected 2-dimensional 
Riemannian manifold without boundary. We aim at the following result: 

Theorem 1 Let S be a surface with Gauss curvature K such that mins K = 1. 
There exists a small universal constant rj > such that, if \K — ll^^) < rj, 
then S is APCC. 

Here, the C 2 norm of a function / : S — > K is defined (using the Riemannian 

norm |.| on tensors) by: \f\ c vs) : = sup |/| + sup \df \ + sup |Vd/|. 

S S S 

The result is proved in [12] with r\ = (constant curvature case, see also [8] for 
NNCC) and in ,10. with (m, V) £ NoConj lying close enough to the boundary of 
NoConj (with no quantified estimates, though). If V = 0, the result is obvious 
(due to the cross-curvature interpretation when m = m), so we will assume 
V ^ with no loss of generality. 

4 as well-known [2 Eli NoConj is the maximum rank domain for the exponential map which 
contains NoCut 

5 somcwhat consistently with the c-segment denomination used in 1161 : we will use this short 
denomination, instead of 'extended MTW tensor' as in 1 151 H3 110) or 'Ma-Trudinger-Wang 
curvature' as in [9] I13| , since further names could be associated to the birth of this conceptual 
object, anyhow 
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Remark 2 Let 

D c = sup{|y| m , (m,V) € NoConj} 

be the diameter of conjugacy of S. Since K > 1, the Bonnet-Myers theorem 
[2 HI El HB] implies: D c < 7r ; in particular, the diameter of S must be at most 
equal to 7r. 

Actually, we will prove a stronger result, namely: 

Theorem 2 Let S be a surface with ming K — 1 . There exists small universal 
positive constants 77, £ suc/i that, if \K — V[Q2tg\ < r], for any (to, V) G NoConj 
and any couple (£, 1/) 0/ umi vectors in T rn S, the following inequality holds: 

C(m,V)(£,v)><;A2{m,V,^v), (2) 

where A2 (to, V", £, f ) stands for the sum of the squared areas of the parallelograms 
repectively defined in T m S by the couples (V, £), (V, f), in other words: 

A 2 (m, V, £, u) = |^|>| 2 - <?(£, + |Vf |£| 2 - g(V, £) 2 + |F|V| 2 - ff (V, ^) 2 . 

The outline of the paper essentially coincides with that of the proof. We 
present a quick derivation of the c-curvature expression in Section [5] and related 
perturbative estimates for that expression, based on the assumption that the C 2 
norm of (K — 1) is small, in Section [3] Using the latter, we prove successively 
Theorem [2] under the additional assumption that the point exp m (V) lies, either 
near the first conjugate point m* of m along the geodesic t € R + — > exp m (tV) € 
S (Section S]), or near m (Section [5]), or in-between (Section [S]). The proof of 
Theorem [5] itself , as a whole, is provided in Section [71 by synthctizing the vari- 
ous, sometimes redundant, smallness assumptions made in the previous sections 
on \K— l|c 2 (s)) C an d an extra parameter 8 used to locate exp m (T/) with respect 
to m and m* as just described. The proof of the main perturbation lemma is 
deferred to Appendix IA1 but Section [3] includes a straightforward application of 
it to a uniform convexity estimate for the boundary of NoConj. 

Finally, a warning must be made about some notations and conventions 
used below. Starting from Lemma[T](Section[3]), we will abbreviate \K— l|c 2 (S) 
merely by e. In Section|4] (resp. Section[5]), we will set Sid(m,m*) (resp. 62) for 
the maximal distance assumed between exp m (V^) and the first conjugate point 
m* (resp. and the point m); consistently in Section [SI we will set ^Sid(m,m*) 
(resp. ioa) for the minimal distance at which exp m (V) must stay away from 
m* (resp. from m) on that geodesic. In the course of the proof, starting from 
Lemma[Tl we will require various (fairly explicit, universal) smallness conditions 
on e or the auxiliary position parameters oVs. Furthermore, in each case or 
subcase distinguished below for (m, V, £, v), we will find a different value of the 
(small positive) constant s occuring in ^ ; the actual value to be taken for s in 
the statement of Theorem [5] will be, of course, the smallest among them. The 
various universal constants and smallness conditions arising in the paper are 
listed in Appendix [B] to which the reader should systematically refer. 



6 thus, in particular, independent of (m, V) S NoConj 



Almost-positivity of the c-curvature of surfaces 



5 



2 c-curvature expression in dimension 2 

Henceforth, we fix a surface S, a point mo G 5 and three non-zero tangent 
vectors (Vb, £, f) in T mo S with (mo, Vb) € NoCut and (£, ^) linearly independent. 
We wish to calculate the c-curvature C(m , Vb)(£, 



2.1 General case 

A chart x = [x , a; 2 ) of S centered at mo such that the local components gij(x) 
of the metric satisfy: gij(0) = Sij, dgij(0) — 0, is called normal at mo; let x be 
such a chart. We set v = (v , w 2 ) for the fiber coordinates of TS — > S naturally 
associated to x, use Einstein's convention and abbreviate partial derivatives as 
follows: 

9 - JL R 92 ■ n - A n 92 



dx l ' u dx l dxi ' ' 1 cV' ' dv t dvi ' 

For each (m, V) G NoCut with m in the domain of the chart x, we set: 

X = X(x, v, t) = (X 1 ^, v, t), X 2 (a;, u, i)) = x (exp m (fV)) , 

where x = x(m) and = v l di. For V G T mo S such that (mo, V) G NoCut, and 
setting £ = we recall from [7] that the quadratic form A(m , V)(f) defined 
in the introduction is equal to Aijiv)^ 1 ^ with: 

A ij (v)=Yi(v)d j X k (0,v,l) (3) 

and the matrix Y£(v) given by: Y£(v) DjX k (0,v, 1) = 5j. Given V = v 1 d{ as 
above, it is convenient to compute the right-hand side of ([3]) by choosing for x 
a particular normal chart at mo (unique up to x 1 — > —x 1 ), namely: 

Definition 2 A Fermi chart along V is a normal chart x at mo such that 
V — rc?2 (with r = \ V\) and the Riemannian metric reads: 

g = dx 1 (Sidx 1 +G(x 1 ,x 2 ) dx 2 <S)dx 2 , with G(0, x 2 ) = 1, <9iG(0, x 2 ) = 0. 

Let i be a Fermi chart along V. The geodesic t G [0, 1] — > mt = exp m (tV) G 
S (called the axis of the chart) simply reads t n- X((0,0), (0,r),t) = (0,ir) 
and, for fixed x 2 , the paths which read t i-> (i,x 2 ) are geodesies of S as well, 
orthogonal to the axis. The Christoffel symbols are given by: 

1 d G d G 

r 22 = ~2 dlGl r ^ 2 = ~2G~' F22 = ~2G"' ° therS vanish ' 

\/ G 

and the Gauss curvature, by if = =— . We thus get for the derivatives of 

v G 

the Christoffel symbols on the axis, intrinsic expressions given in terms of K at 
x = (0, x 2 ) by: 

= -d x v\ 2 = k, d n rl 2 = -a u r 2 2 = dxK, d x T% 2 = o, a n r 2 2 = -b 2 k. 

With these formulas at hand, we readily find: 

dX((0,0),(0,r),t) = ( /o Q (t) J ) , M((0,0),(0,r),() = ( ^ J ) , 
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where fi(t) = /i((0, 0), (0, r), t) for i £ {0, 1}; here, fi(x, w, t) are the expressions 
in the chart x of the solutions for t £ [0, 1] of the Jacobi equation: 

f+\W\ 2 K (exp m (tW)) f = (4) 



(where x = x(m),W = w l di with (m, W) G NoConj, and we use the dot 

), satisfying the initial i 

fi{0) = S i0 , /<(0) = 5 n 



notation: / = — , / = — satisfying the initial condition 
dt dt 2 



Remark 3 For later use, we observe that, for t £ (0, 1] and (to, W) £ NoConj, 
we have: < fi(x,w,t). Moreover, Sturm comparison theorem [4] combined 
with Remark [5] provides the pinching: 

sin(Vmax 5 iqW|t) sm(\W\t) 



y/max s K\W\ ~ v ' ~~ \W\ 
which yields fi(x,w,t) <t< \ and lim fi(x,W, 1) = 1. 

Back to (to, W) = (too, V), applying ([3]) in our Fermi chart along V, we get: 
A(m , V)(0 = \e - ( 1 - MH") |£ - <?(£, U)U\ 2 7 with C7 = 



Here comes a key observation, also made in [5] (and extended to the higher 
dimensional setting in [TU], see also [13]): the right-hand side of the preceding 
equation is intrinsic because so is ((3]). We may thus use a single Fermi chart x, 
along the sole tangent vector Vb at too, and write for each V — v l di £ T mo S 
close to Vq: 

A(m , V)(0 = \e -(l- ffio^ij ) K - ^)t/| 2 - (5) 

We will now calculate the c-curvature C(mo, Vb)(£, in that Fermi chart (fixed 
once for all), by combining ([1]) with ([5]). Letting henceforth £ and v be unit 
vectors and orienting the tangent plane T mo S by the local volume form dx^^Adx 2 , 

we denote by i? (resp. y>) the angle in [0, 2ir) by which a direct rotation brings 

Vb 

£ (resp. v) to J7o = 7777 = cfe; in other words, we set: 
l^ol 

£ = s'm-d di + cos $82, v — sin ^ d\ + cos 99 C72 ■ 

A lengthy but routine calculation yields: 

nl \r\it \ • 2 ( fd /0/1 2/o(/ 1 ) 2 \ , . 
C(mo,Vo)(£,i>) = - sin 1) f- B J, ' Fb — ( 6 ) 



v/i A 2 A 2 /i 3 
\ (cos 2 - cos 2 (i9 + tp)) ( 1 - ^ 

4 Q • q • Z' /o /0/1 
— cos v sin 17 sm i/3 — 



" V/l /l 

where we have set, for short: f' a = v % A/a(0, Mo, 1), /" = Aj7a(0, w , 1), 
for a = 0, 1, and vq — (0,ro) with ro = \Vq\. 
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2.2 Constant curvature case recalled 

Setting for short k = K(m ) and f = ^[k r, let us recall the expressions which 
occur for f , /i in case K = n, labelling them all with a bar: 

fo(0,v,t) = cos(ft), fi(0,v,t) = ^M, where r = vW + W^ 

r 

At (v, t) — (v , 1), with v = (0, r ) and f = y/n r , we infer correspondingly: 

ii r • - t" ( sinf ° , / sinf o _\ 2 ^ 

fr. = —\Jk sin ro cosw, f J. = k = h — cosr cos os 

V f o V f o 

j/ \/« / _ sinf \ 

Ji = — cos r = — cos ip 

ro V r o / 

K I _ sinfo ^ ^ sinfo ^ _ . _ \ 2 

hence 



Ji = ( cosr V 13 I — cosr ] — r smr ] cos ip 



1 77/ Tj rx/ t s • 2 q • 2 r o + r o cos r sin r - 2 sin r . . 

- C(m ,Vo)(^,^) = sin^t? sin^y , _ (7) 

k Tq sin ro 

2 2 sinr o - r cosf 

+ 2 sin v cos ip 5-z 

sin ro 

2 Q • 2 sinr o ~ r cosf 

+ 2 cos v sin G9 z^— : — = 

rg sin r 

• 2 - —9 

sin 

+ 4cosz9 sinz? cosy sin<p — — „ _ . 

rgsin r 

3 Perturbative tools 

In the sequel of the paper, dropping the first argument x = x(m) since it is 
fixed, equal to (0, 0) = x(mo), we simply write: f a = f a (v, t), X = X(v, t) and, 
abusively with the same letter: K(X(v,t)) = K (exp mo (iV)), where V = v%. 
Moreover, anytime the second argument v is equal to v = (0,r ), we will also 
drop it and just write: f a = f a (t) and so on. 
Given a real number lo > 0, we will require the linear map: 

/eC°([0,l],K) —►$„(/) € C°([0,1],R) 

defined as the solution map / i-> u of the linear initial value problem: 

u + lu 2 u = /, u(0) = tt(0) = 0. 

The representation formula : S u (f)(t) = f s ' n — lH j( T ) ^ T [ s we \\ 

Jo w 

known. Setting |jw|| = sup \v(t)\, it yields for the contraction estimate: 

t€[0,l] 

\\SM)\\< l\\fl (8) 
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easily obtained by writing: 



u{t) = I u(r)dT = cos (uj(t - 9)) f{9) d6dr. 

Jo Jo Jo 

We will also require the following formulas (written at t = 1, for f(t) = t and 
f(t) = t 2 ): 

*,(*)(!) - *,(**)(!) = ^ + 2(c«fo-l) 

We are now ready to state our main perturbation lemma, the proof of which is 
deferred to Appendix O 

Lemma 1 If\K— l|c 2 (S) ^ ~~ o> there exists universal constants Bi ka , B 2ka , B 3k a, 
/or a G {0, 1} and k € {0, 1, 2}, sitc/i i/iai i/ie following estimates hold: 

\\D k J a \\ < B lka , \\D k (f a - f a )\\ < B 2ka e r 2 ~ k , 
\\D k u (fa ~ fa) + r 3 - k Vfc S f0 (t a+1 )\\ < B 3ka e r^ , 
where, for short, e :— \K — l\c 2 (S) an ^ : 

tpo := d 2 K(0), := 3cos^ d 2 K (0) + sin (p diK(0), 

ip 2 ■= (2 + 4 cos 2 (p) d 2 K(Q) + 4 sin <p cos ip di if (0) 
(from now on, we will freely use to these abbreviations). 

Remark 4 Let us stress that the bounds: 

Va = 0,l, \\D 12 f a \\<2B 12a , \\D 12 {f a - f a )\\ < 2B 22a e, 

follow from thoses on ||D w / a || and \\D uv (f a - / )|| by letting v = \(p\ + d 2 ). 

The first line of conclusion of Lemma [T] will be used to prove Theorem [1] 
neai0 the first conjugate point (Section [4j. Uniformly away from that point, 
and crucially for ro J, 0, the proof requires the second line of conclusion through 
a Maclaurin type approximation estimate for the c-curvature, namely: 

Corollary 1 If \K — l|c 2 CSl < andfo < 7T, there exists a universal constant 
C\ such that the absolute value of the following expression: 

fi nl T/U£ \ -p, T/U , \ r jj 2 sin 2 / foSr a (t 2 )(l) 

-jz C(m , Vo){Z,v) - C{m ,V ){^,v) = «S fo (t)(l) = 

h h \ h 

2r ip Sf (t 2 - t)(l) , 2 2 v 

+ (cos § — cos (p + If)) 

h 

4r ipi cos i? sin § sin tp ( f Sf (t 2 )(l) 

+ 1 "foWUJ t 

7i V 71 

is bounded above by: 

-=3 Cfw 8 erl (338 sin 2 i? + 268 cos 2 i9 sin 2 p). 
Ji 



7 where C(mo, Vb)(£, ") could blow up since ro could exit from (0, 7r) for e ^ 
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Proof of the corollary. For each a <E {0, 1} and k £ {0, 1,2}, we split D^f a 



identically into three summands: D^f a — s[ k,a ^ 

°1 — J^vJcn >~>2 



2 

(M _ nfcf c(M) - -rg-Vfc5 Po (i a+1 )(l) 



s (*,a) + s (k,a) giyen by . 



From ([5]), we define the constants cq,C7 as in Appendix [Bl From Lemma [TJ wc 
know that 



(k.a) 



s. 



(k.a) 



< B 3ka ert- k , 



and from the obvious bounds: 

\H <e, |Vi| <4e, \ip 2 \ <8e, 

we further know that 



(10) 



s, 



(k,a) 



<8c 6+a erl k 



Let us consider the expression Q of the c-curvature, multiply it by /f and, 
using the preceding splittings and bounds, let us estimate the Maclaurin ap- 
proximation of each of the three auxiliary expressions: 

Ei := A 2 /o - hhfi - VifU'i + 2.M/D 2 

-E-2 := — fi (/i - /o) , E 3 := — fx (fif - fof[) , 
r o r o 

which occur in /fC(mo, Vb)(£, v ) as coefficients, respectively of: 



sin' 



i9, (cos 2 — cos 2 ($ + (^)) , cos $ sin $ sin <^9 . 



Setting Ei, E2, E$, for the corresponding quantities defined with /o,/i instead 
of /o,/i, a n d proceeding stepwise, with careful intermediate calculations^], we 
get for the (Ei — Ei)'s the following analogues of the second line of conclusion 
of Lemma [I] 

\Ex -E x + roihfx [fiSfo (t)(l) - / 5, (t 2 )(l)] I < 154^ 8 C l£ r 2 , 
|£ 2 - £ 2 + 2r ^o/i^ (t 2 - t)(l)\ < 84 7 r 8 C 1 3 er 2 , 

I £3 -E3 + 4roVi/l [/i<5fo " 7o5 Fo (t 2 )(l)] I < 2007r 8 C ie r 2 , 

where the constant Ci is defined^] in Appendix[B] as well as three other constants 
C8,cg,cio, and where, recalling Remark [21 tt 8 is used as an upper bound for 
max ( 1, ^p 2 ) wittP^I 2 < p < 10. Since ro < n, we may divide by /-f > the 

resulting Maclaurin approximation estimate for /fC(mo, Vo)(^, v) and, using the 
general inequalities: 



|cos 2 $ - cos 2 (# + (p)\ < sin 2 + 2 cos 2 1? sin 2 
2| cos sin ^ sin | < sin 2 $ + cos 2 •& sin 2 <p , 

we obtain the estimate of Corollary [TJ 



(11) 



in particular, for counting numbers of terms which are 0(er^) 
using, in particular, the bounds ^/k < 1 + < y| and k < 1 + -4j < 

p = 2 (resp. p = 10) for 



in the first 



term of i?i 
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Quick digression on the convexity of NoConj. The reader may wish to 
skip the rest of this section, devoted to a quick digression from our main topic. 
Indeed, let us pause and provide a uniform convexity estimate on the tangential 
domains 

NoConj m = {W e T m S, (to, W) € NoConj}, 

obtained in terms of \K — l|c 2 (S) as a direct consequence of Lemma [1] and 
stated as follows: 

Corollary 2 Let S be a surface as above with: ming K = 1. There exists 

universal positive constants /3, 7, C, with (3 < — and 7 < C , such that, if 

\K — llc^g) < f3, for each mo € S and Vo G <9NoConj TOo , the curvature of the 
boundary curve <9NoConj mo at Vq is pinched between 7 and C. 

Qualitative proofs of the uniform convexity of NoConj are given in [5J [TU] 
for C 4 perturbations of the standard n-sphere. Let us further note that, com- 
bining Corollary [5] with Theorem [TJ one can readily show that NoCut is con- 
vex for small enough j3 by arguing as in |10) . here just with a linear path 
t e [0, 1] -> V t = tVi + (1 - t)V in T mo S, with V and V x in NoCut mo . 

Proof. Fix (mo,Vo) as stated and take a Fermi chart x along Vo, sticking 
to the above notations. From the vanishing of /i(0, Vo,t) at t = 1 combined 
with its positivity for t € (0, 1) and the uniqueness of the solution of the initial 
(here final, rather) value problem [20], we infer that /i(0,do, 1) < hence also 
I>2/l(0, v , 1) < 0, since / x (0, v , t) = / x ((0, 0), (0, r ), t) = th((0, 0), (0, tr ), 1). 
Therefore, near Vq, the curve <9NoConj mo admits the equation v 2 = h^v 1 ) with 
the function h implicitly given by: 

/^(O.OMu 1 ,/^ 1 )),!) =0, andfc(0)=r . 

Now, classically [3], the curvature k of <9NoConj m at Vq is equal to: 

k = -fe"(0) ^ Dnfi(D2fi) 2 - 2D 12 / 1 (£> 1 / 1 )(D 2 /i) + D 2 2.fi(Difi) 2 

(i + h'(orf 2 " (pi/i) 2 + p 2 /i) 2 ) 3/2 

Considering this formula, and since with e = we would have ro = 7T, /1 = /1 
and k = the timeliness of Lemma [T] for our purpose is fully conceivable. For 
an effective proof, we first observe that, by Sturm theorem [3], ro is pinched 
between n/y/l + e and 7r; in particular, we have: 

*(l-f) <*,<*(l + f). (12) 

At (x,v,t) = (0,vo,t), Lemma[T]and the formulas of Section 12.21 imply: 

1 / sin f \ 

D 2 fi < — cosr = — + B 2 iisr , 

ro V r o J 

Dxxfi < -o ( cosf - ) + B 22 ie , 

which, combined with the pinching of ro and standard bounds on the cosine and 
sine, yields: 



D 2 fi < - -1 + e -+B 2 u7T , 

r V V 2 / 8 
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If (\ \ e 2 tt 2 

Dxxfi < ^ y-l + e y- + B 221 ir 2 J + — 

So D 2 fi < - hence in particular \Df x \ > J— > and Dn/i < 

2ro 2ro 27r 2r(5 

provided e is small enough. Moreover, still by Lemma [T] and Section 12.21 we 
have at (0, vo,t): 

l-Di/il < B 211 er < B 211 ire . 

The combination of Lemma [T] (including Remark 0]) with the preceding bounds 
yields, on the one hand: 

k < (2ir) 3 6B 121 B 2 ln =: C, 

on the other hand: 



— (- 



k ^ — ( — - zkB 211 B 121 {W ni + enB 211 ) 



so that k > 7 := = for e small enough. Altogether, this pinching of 

327T 4 v / 2-B? u 

k holds provided we require e < j3 with /3 the smallest among the positive roots 
of the quadratic eauationij"]: 



1 

Finally, a tedious but routine evaluation shows that we may take: 



K 2 B 121 B 2 2ll (3 2 + 4irB nl B 121 B 211 p - ^ = 



7 = 1.1 x 1(T 7 , C = 7.4 x 10 7 , (3 = 4.5 x 1(T 10 , 
in the statement of Corollary [21 

4 c-curvature almost-positivity near conjugacy 

In this section, we prove Theorem[5]at (too, Vq) € NoConj and (£, v) unit vectors 
of T mo S in case the point exp (Vo) is close to the first conjugate point TOq of 
mo along the geodesic t € M + — » exp (tVo) G S 1 . Specifically, setting Zo f° r 
the length of that geodesic curve from too up to mj, we establish the following 
proposition: 

Proposition 1 There exists a triple of small (strictly) positive real numbers 
(771 , #1, cl) smc/i i/iai C(to-o, Vb)(£, f) satisfies the lower bound fl|) wi£/i ? = ft, 
provided e — \K — l|c 3 (S) < ^1 an <^ (1 — ^i)'o < l^bl < 

Proof. Sticking to previous notations and recalling (|12l) . we infer from the 
pinching of | Vo | the following ones (dropping the subscript of <5i): 

(l - I - Sj TT < To < TT and (l - I - Sj 7T < f„ < (l + |) TT . (13) 



1 which turns out to be that of the second equation 
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We will assume: 

n, €(f,,r) andr oe (f,f) (14) 

with no loss of generality (it holds under the smallness condition posed belowlH 
on e and S, see (|50[) of Appendix [B)l, Combining (fl3l) with Remark |3l the 
formulas of Section 12.21 and the first line of conclusion of Lemma [TJ we derive 
the following set of inequalities: 



- 1 -eTr^oo </ <-l + £^5200 + ^-+^ — (15) 
sin rn ^ + S , 

IAI<(|+«)(l + |)» + ETB2io. (17) 

Furthermore, we derive two important lower bounds, namely: 

Lemma 2 // cos (/? 7^ 0, and e and 5 satisfy the relative smallness condition*^ 
£49\ ) (see Appendix\Bty, the lower bound: 

. ,,. I COS¥?| „ § (E A 2 7T 

l/ll ^^" g7ri?211 - 7 r(l-(| + ^) -(2 + ^ 2 

/10/ds £rae, as weZ/ as £/ie sign condition: —/{cos ^ > . If \ cos ip\ < — and e 
and S are t50\) -small. the following lower bound is valid instead: 

hf{ >^~e (b 221 + Ib 200 ) --L( £ - + 5) 2 . 



16 V 2 

Proof. If cos<^ 7^ 0, using \ f[ — f[ \ < eirB2ii combined with the lower bound: 



n 1 



> - 1- 



cosip ir \ 1 - (I +5) 



t(£+') 



2 



one can readily check the first part of the lemma. For the second part, we first 
note that f" is bounded above by the expression: 



r 2 ,r N2 



, — (- + S] + COS 2 LD [ ; r + - (l + -) TT 2 

1- 2 12 J M 1- (f+5) 2V 2) 



If I cos tp\ < —, it implies /" < — — j provided e and <5 are taken (|50l) -small. By 

2 877 
Lemma [I] the inequality 

1 



f['<-^+sB : 



221 



8tt 2 

follows. Combined with (TTB"]) . it yields the second part of the lemma. 



12 we will say, for short, that they are ((FDJ-small 

13 to be used only in Section 14.21 below, with |cos</?| bounded away from by a (small) 



universal constant i.e. with |cosip| replaced by that constant 
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In order to investigate the sign of the c-curvature expression ([5]), we will 
have to recast this expression in appropriate forms, namely, either: 



C(mo,Vo)(t,v)= - sin 2 tf 



fj Mi' 2_M 

fx 



fx 



fx 



2 /o ( fx ■ q i sin</JCOS?9 

— — sin v H 

Jx \jx 



TO 



(18) 



fo 



+ -o ( 1 — r- ) (2 cos d cos if sin ^ sin w — sin 2 ■& sin 2 ip) 

2 2 2 4 ft 

+ — o- cos ?/ sin tp H cos $ sin ?9 sin 93— , 



ro 



fx 



or: 



C(m ,Vo)(C,^) 



sin z ■& I ^ 

fo 
fx 



fd Mi' Wx , 2/0 (/D 



M2 



/l 



A 2 



■^r 1-^ 



+ 



'•() 



■ cos "i? sin sin p 



(cos <p sin $ + cos $ sin gj) 
Jo /0/1 



(19) 



A /1 2 



We will also have to distinguish cases, depending on the size of | cos^l, then on 
the relative size of further arising quantities. In each case, relying on Lemma [2] 
and treating f± as a small parameter in intermediate steps thanks to (|16p . we 
will be able to find a leading term blowing up positively as e and 5 go to zero 
and argue with it. 

We are now ready to continue the proof of Proposition Q] and start out for a 
case by case discussion of the sign of the c-curvature. 



4.1 Case | cos y?| small enough 



4.1.1 Subcase 



sixvd 



ft 



< 



j sin <p cos $\ 
2r~o 



In this subcase, the assumption | costal < — will suffice. We note the estimate: 



f! . . sin 09 cos ?9 

V-sin?9H 

fx r 



> 



sin p cos 2 ■& 



and use it to derive from (fT5|) the inequality: 
sin 2 1? 



C(m ,V ){Z,v) > 



fl 

2/o sin 2 p cos 2 1? 

7T 



M'l + 2 ft ft - fx fg + -s (fx ~ fo) sin 2 ip 



4r 2 



— I cos •& sin 1} sin tp \ 
fx 



fx - fo l/o I 

2 ' 

r o r o 



The right-hand side will be handled relying on the second part of LemmaUcom- 
bined with the pinching (|14[) of ro and previous estimates on the various D k f a 
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terms which arise apart from fof". Doing so, we can establish for C(mo, Vo)(£, v ) 
the lower bound: 



C(mo,V )(Z,v) > 



sin 2 ?9 



1 _ , .A sin 2 ip cos 2 19 
— -Ri(e,S)\ + 



fl V127T 
sin 2 -d sin 2 <p cos 2 $ 



S^fi 



(20) 



247T 2 / 2 



87T 2 /! 



-4(1 + ^ 



| cosi?sin#siny;| 
Ji 



provided e and 5 are (f5Tj) -small, where Ri (e, S) stands for the rational function of 
(e,5) vanishing at (0,0) given by the right-hand side of the smallness condition 
(l5lT) . We claim that the second line of the right-hand side of (l20|) is non- negative 
for small enough e and S. Indeed, from the identity a 2 + b 2 > 2\ab\ used with 

sini? sin ip cos $ . 

and o = — ; „ , we infer that this line is bounded below by: 



| cos?? sin i? sin <p\ ( 1 



-4 1 



7i , 



fiVK \4V^7r 5 

and the claim follows by taking e and 5 (l52"j) -small. Eventually, for e and <5 
(|5I ]) ([52 ]) -srxiall. we obtain: 



sin 2 i? sin 2 ip cos 2 i? 



247T 2 / 2 



^ 2 h 



Combining this lower bound with (fT6|)([52|) and the useful, easily established^, 
inequality: 



sin 2 ■& -I- cos 2 i? sin 2 ip > — jA2(m , Vo, f, v), 



(21) 



we get (HI) at (mo, Vb,£, v) with q = 18. 



4.1.2 Subcase 



sin i? 



> 



sin</?cos$| 
2^ 



The second line of the right-hand side of (fT5|) is non- negative due to (flSf fT 
So we may write: 



C(m ,V )(Z,v) > 
hence also: 



Mi + 2f ft - h (fo + ^(/i - fo) sin 2 ^ 



sin $ 

4 i q • a • I / h ~ fo i i , l/ol 

— cos # sin # sin 03 5 — cos w H 



sin 2 tf 



fl 

Ssin 2 ^,. //1-/0 



/0/1 + VU'i - fi fo + 3(/i - /o) sm 2 p 



/f 



■l/il 



COS(^| + |/^| 



'hint: use Remark [2] 
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by applying our subcase assumption. If | cos ip\ < |, repeating the above argu- 
ment, we see that the first line of the preceding right-hand side is larger than 



sin 2 ?9 / 1 



fx VSvr 

on sin 2 tf 
J i 



— j — Ri(s, S) I , while the second line is bounded below by: 



as shown by combining Lemma [T] with (|13p (|T5|) (TT^j) (TT71) . Altogether, we may 
write: 

C(m ,V )(t,v) > S ^L^-R 2 (s,5) 

sin W i i+^^ + r^J, 

with R 2 (e,S) given by the right-hand side of ([5"3")l . We get from ([521 



1 + £7T 2 5 



->"" r 768(7r 2 + 5) 2 + 2tt 2 + 1 



< ' , „ y — ; < 1.00013 



(1 - | - S) - 768(tt 2 + 5) 2 -l 

besides, we have: irBm = 5 + + 37r 2 ~ 39,05 < 40. So the smallness 
conditions: 

|cos^|<J_ (22) 
sin 2 

and ([53)) imply that C(mo, Vb)(£, f) > • I* 1 our P resen t subcase, the 

247T 

latter inequality yields: 

sin 2 $ cos 2 ^sin 2 (^ 
C(mo, Vb)«, v) > + im ^ rlf 2 ■ 

On the one hand, from flU]) combined with (J52J), we get 487r 2 /f < 2 x 10~ 8 . 
On the other hand, combining Lemma [1] with ([T3"|) and ([2"2")l . we have: rol/d < 

£7r 2 i?2ii + ■ So we can arrange to have 1927r 2 r 2 /( 2 < 1 by taking e ([541 - 
3852 

small. Altogether, we may write 

C(m , Vo)(^,v) > sin 2 # + cos 2 -d sin 2 ^ 

and, from ([2H . conclude that © holds at (m , Vb, <!;, v), indeed, with = — !— ■. 

47H 

4.2 Case | cos ip\ > 

In this case, the first part of Lemma [5] implies: 

154^ With -^ cos ^> ' ( 23 ) 
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provided e and S are (|55|) -small. Furthermore, if the latter are (j5T^ ([BTjl -small. 
we infer from (|15p the pinching: 



\<-h<\- (24) 



which will be used repeatedly. 



4.2.1 Subcase cos $ cos (p sin $ sin (p < 

Working with the expression ([TUf of C(mo, Vo)(£, v), the second line of which 
is non- negative, and combining (|23l) with <jT3J) and Lemma [TJ we get the 

inequality: 

+ [ 1 — -r ) (cos sin $ + cos $ sin <^) 2 

r o V h) 

Recalling (fT6"| (f2~4"| and assuming that e and (5 are l|56]) -small, we infer the lower 
bound: 

sin 2 tf 2 / 1 



the second line of the right-hand side of which is non-negative, as checked by 
combining Remark [3] with CE3]) (HH (Hi and ([52]). Using (H3J) dHJ) (J52J) to treat 
its first line, we obtain the inequality 

C(m , Vo)(£, > 17205 (sin 2 i? + cos 2 <d sin 2 ^) 

which, recalling (j2"Tj) . implies ([2]) at (mo, Vb, £, ^) with = 435. 

4.2.2 Subcase cos $ cos (p sin $ sin <p > 

tt i-i ii • n/i i sin 03 cos 

Here, since —t\ cos w > 0, we know that the expressions anil- and 

h r o 

have opposite signs. 



Case 



a A 

smv— 
Ji 



41 sino9cosi?| 
< -i " ^ or 

5r 



f 
Ji 



5|sinv3COSi9| 

> : If a and o are 

4r 

4 4 

two real numbers such that: ab < and |a| < — 16| or \b\ < — a , one can 

1 

readily verify that they satisfy: (a + b) 2 > -7: (a 2 + b 2 ). Using the expression 

ou 

/' 

(|T5| of C(m , Vb)(£, f), we apply the preceding estimate with a = sin$— -,& = 

Ji 
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sin cp cost? , 11111 

-, and iind the c-curvature bounded below by: 



,2 „q / ~/o(/l) 2 /o , /o/C + 2/o/( 2 .2. „ A /o 



4| cost? sin i? sin 93 1 / / |/ |\ / 



cos 2 $ sin 93 , 



/1 V 7704r 2 r / 25Ar 2 

hence also, combining Lemma [T] with (fl"3 )) ([25 ]) ([2"4" )l and ([T7J>. by: 

^TT (50^215408^ " 7l ( Bl2 ° + 2 Bl21 + 2BiioBi11 + 5^ 

41 cos i9 sin i9 sin i(9 1 / 1 6 //e _\ / e\ „ \\ 1 2 „ . 2 

+ J A " ( 15408^ - 5 ( ( 2 + 5 ) I 1 + 2 ) + «H ) + 50^/T c - » - 

Recalling (|T6|) . we infer that: 

sin 2 1 
C(mo ' V) > 100^15408^ + ^7T C ° S2 * Sin2 * ' 

provided e and <5 are ([5?|)-small. Recalling ([T6 |l (|52 |l and ([21]), it yields © with 
C = 8.7 at (m , Vb,£, v). 



h 



51 sinwcost?! _ . . , 

< : I his case is more difficult 

4r 

because we cannot use the square occuring in the second line of (|18p any more; 
all we can do now from (1181) is write: 



„ 41 sin if> cos t?| 
Case — - < 

5r 



ni \r\(t \ ^ • 2 a/ fo , /0/1 + 2/o/i 2 . 2 / /o 

C(m , Vb)(4, > smz? -— H j sm V ' 1 - ~ 

V /1 /1 r o 

+ -i| siniy9COSi?|| cos<psinz9| ( 1 — 



- — |sin^cosz9||sini?|^ 
ro ' /1 

and, from our present assumption, infer for C(mo, Vo)(£, ^) the lower bound: 

• 2 q ( fo . fofi + 2/o/i 2 . 2 / /o 
sm — — H j sm </? 1 - — 



sin 2 tf|/{ cos p| - 5 sin 2 ti^-^ . (25) 



5roA 2 " 1 r ' /? 



sin 2 

. 7?" 

a positive coefficient for it. Doing so, we focus on the terms: 



We will factorize — — as leading blowing up term in this expression and seek 



fo sin 2 1? f „ 16 , , 
-fi + 7 — l/l COS(^| , 



ft V JL W 

thus carefully investigate the sign of the latter parenthesis. Using Lemma [TJ we 
find it bounded below by: 

5r 



fi + ^-\fi cosifl) - e (b 221 + H Bail 
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Now, a direct calculation of (—/{' + —\f{ cosojI V using the expressions of /{ 
and /" given in Section |2"T21 shows that it is equal to: 

cosr | + ^ cos2 <p) + -y-^ f 1 + f f o + cos 2 p 



recalling ((TU)) . we see that it will meet the required positivity. Back to the lower 

sin 2 ?? 

7F 



bound (|25l) . rewritten as C(m , Vq)(£, i^) > — — E with £ equal to: 



(-/o) (-/(' + cos^|) - 7|/^| - A (j/o'l + 2 -^{h h) 

the preceding argument, combined with Lemma [TJ Remark [3] and (|13l) (114|) 

V3sin 2 ^ 

(15"51) -small. In the present subcase, the latter inequality implies 



(HU) ([T7]) ([M)>. implies that C(m , Vb)(£, ^) > Q _ 2 , 2 provided e and <5 are 



-y/3 /sin 2 ?? 16 cos 2 ■d sin 2 ^ 

C(m , Vb)(4,^) > 



16^ 2 V A 2 25r 2 (/()2 

Recalling that rZ(f[ f < —^—r due to El and /? < j by 

192?r " (16V3(tt 2 + 5)) 

([15 ]) 1(52 )1 . we obtain 



C(m 0l Vb) > (sin 2 i? + cos 2 sin 2 y) 

which, combined with (dJ), yields ([2]) with ? = 0.3 at (mo, Vq,£, f). 



4.3 Concluding the proof of Proposition Q] 



By inspection of the smallness conditions (j49J) through ((58)) which e and Si must 
satisfy, we find that (|57p implies all others. Calculation yields the pinching: 

3 36 
1439 < B 120 + -B 121 + 2B 110 B in + — < 1440 
2 bir z 

the right-hand side of which provides the condition: 

| + 8 X < 2.96 x lQ" 15 

as a sufficient one for ((57)) . hence for all, to be satisfied. It leads us to take: 

rji = 2.96 x 10" 15 , 8i = 1.48 x 10" 15 , (26) 

in the statement of Proposition!]] As for ft, we choose the smallest value among 
the ones found along the way, namely: ft = — -. 

47H 

Finally, let us stress that the proof just completed obviously departs from that of 
[10] mentionned in Remark[TJ in particular, in each of the above cases, the origin 
of the blow up rate (quadratic or cubic) chosen for the positive lower bound on 
the c-curvature can readily be traced back to the expression of C(mo, Vo)(£, v) 
itself, relying on Lemma [5] and Lemma [1] 
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5 c-curvature almost-positivity near the origin 

In this section, we prove Theorem [2] at (mo, Vq, £, v) when d (mo, exp„ lf) (Vq)J is 
small. 

Proposition 2 There exists a triple of small (strictly) positive real numbers 
(j]2 j #2 , ?2 ) sucft ttai C(mo, Vo)(^, f) satisfies the lower bound (0) wii/i c = <T2. 
provided e = \K — l|c 2 (s) < ^2 a^rf |Vo| < ^2- 

Proof. As already observed, we may take Vb 7^ with no loss of generality. 

TP 

Dropping the subscript of 82, we take fo < — by assuming e and 5 (|59)) -small. 

/ 3 

We use the Maclaurin type approximation of — C(mo, Vb)(£, i^) obtained in 

/1 

Corollary [T] and proceed to specify it further as ro 4- 0. As regards its first 
summand, namely C(mo, Vb)(£, v), the expression (J7J prompts us to define con- 
stants en, . . . , C14 as done in Appendix iBl These definitions imply at once that 
the absolute value of: 

C(m ,F )(^)-^sin 2 tfsinV-¥ (l + ^ sin 2 cos V 
45 6 \ 5 / 

2k / 1fl\ , n 9 4k / f2\ 
1 H - cos 17 sm 93 1 + — cos v sm # cos <p sm </? 



15 , 

is bounded above by: 

Kf (cnsin i?sin ip + c\i sin $cos <p 

+C13 cos 2 i? sin 2 ip + C14 1 cos 1? sin i? cos y> sin <p | ) . 
Let us now focus on the second summand, namely on the expression 



h V ,oww A 

2r ^ 5 r - (i 2 -t)(l) 



/: 



(cos 2 $-cos 2 (tf + (^)) 



ir ipi cos 1? sin ■& sin <p ^ f Sf a {t 2 )(l) 
^r \t)(l) 



and rewrite, on the one hand: 

Ji V /l 
as: r «S fo (t - t 2 )(l) + ^r 2 [A 1 (f )5 r - (t)(l) - A 2 (f )S r - (t 2 )(l)] , whereE 5 



Ai(t) := : , A 2 {t) 



r 2 cos r — sin 2 r 



t sm t t sin 2 r 



15 so that: Ai(fo) = £ (i - l) ,A 2 (f ) = i - l) 
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(and note that two additional constants Cis,ci6 are defined accordingly as in 
Appendix iBl) . on the other hand: 

r -§-Sr (t 2 - t)(l) = r Sr (t 2 - t)(l) + ^r 2 A 1 (f= )S fo (t 2 - t)(l). 

Furthermore, the Maclaurin expansion of Sf g (t 2 — t)(l) prompts us to write: 
r Q S fa (t 2 -t)(l) = -^ + K r 3 A 3 (f ) 

(defining so the auxiliary function A3 and, accordingly, a constant ci 7 as in 
Appendix |B|) . Gathering terms of same order and recalling (jlip . we obtain that 
the absolute value of: 

E4 — — 2sin#sin<psin(i9 — <p)diK(0) + (2sini?cosv3sin(i9 - <p) + sin 2 (tf - tp)) d 2 K(0)] 

is bounded above by: 

2v / /c£Tq [(8(ci 5 ce + ci 6 c 7 ) + (c 6 + c 7 )ci 5 ) sin 2 d 

+ (4(ci 5 c 6 + ci 6 c 7 ) + 2(c 6 + c 7 )ci 5 ) cos 2 ■& sin 2 tp] 

+2c 17 nerl (9 sin 2 d + 6 cos 2 i9 sin 2 <p) . 

Combining the latter inequality with the one derived above for the first sum- 
mand C(mo, Vb)(£, v) of the expansion of C(mo, Vo)(£, v) given in Corollary [TJ 
we infer that, if we consider the decomposition: 



fx 

n 



■3 C{m ,V ){i,v) = I + II + III 



with 



/ := 1 ( 1 + ^S>\ sin 2 iW p + ~ (l + cos 2 sin 2 ^ 

2k ( 2f 2 \ 

— — I H - ) sin & cos $ sin 02 cos 09 , 

3 V 5 / 



and 



K KT 2 

II := — sin 2 (i? — ip) -\ — (sin 2 $ cos 2 <p + cos 2 $ sin 2 tp + 4 sin 2 $ sin 2 (/?) 
3 180 

+ [2sini?sin(psin( , i9 — ^)eJi.K'(O) 

+ (2 sin d cos tp sin(tf - <p) + sin 2 (1? - tp)) d 2 K(0)] 
and J// so defined, then the quantity: 

111 ~ 7^ ( sin2 $ cos2 V + cos2 ^ sin2 f + 4 sin2 ^ sin2 
180 

is altogether bounded above by: 
/338C 3 7r 8 

sr 2 sin 2 z9 ^ -j^ h 2\[k [8(ci 5 c 6 + ci 6 c 7 ) + (c 6 + c 7 )ci 5 ' 



Almost-positivity of the c-curvature of surfaces 



21 



2 2 n • 2 /268C?7r 8 „ _. rj , , . . , 

+er cos Vsm tp\ p ^ 2^ k [4{c 15 c 6 + c w c 7 ) + 2{c 6 + c 7 )Ci 5 \ 

+erg 2kci7 (9 sin 2 i9 + 6 cos 2 i9 sin 2 <p) 
+Kfp (en sin 2 i? sin 2 <^ + C12 sin 2 $ cos 2 <p) 
+ktq (ci3 cos 2 z?sin 2 ip + cn\ cosi^sin^cos^sin^l). 



Now, let us discuss separately the positivity of each summand 7, 77, 777. Noting 
that 



I> ^| cos t? sim? cos ^ sin ^| \\ U+^\ + - ( 1 1 ^° 



3 1 r \ \ V 10/ V 30 



•j 



2 

we find 7 > provided fo < —j= which holds if e and S are (pO|) -small. Next, 

V5 

we have: 

-2 

7/ > ^ sin 2 (?9 - tp) + ^ (sin 2 + sin 2 p + 2 sin 2 # sin 2 tp) 
3 180 

-— (41 sini?| + I sin(i9 — ta)j) I sin(i? - cj)| , 
6 

hence 

jj > « sin^ _ ^ + g| ( sin 2 + sin 2 ^) + ^ _ ^ (1 _ £TE) 

+ - sin 2 (0 - ip) + — £ sin 2 i? - — - | sin sin(i9 - | . 
9 360 3 

So, assuming provisionally 777 > 0, and under the further smallness condi- 

tionS 

,21 

eS < -, e < 



3' " eVTo' 



the first of which implies ( — — —J-) > 0, the second of which ensures that the 



implies ^ 



K 



-96/. 

second line of our last lower bound on 77 is identically non-negative, we obtain: 



C(m , VoM, v)>- sin 2 (tf - ip) + — r 2 (sin 2 6 + sin 2 . (27) 

/l 

From ro < fo < ^ combined with Remark [3J we find < \fn, with \JH < 

h 

f3 

1 + | < 1 H K= due to our last smallness assumption on e. It yields -=z < 1.1 

2 — 12V10 f\ ~ 

and the latter, plugged into (I27P proves Proposition [5] with ij = in (T^J) . 

396 

Finally, let us discuss the non- negativity of 777. From fo < f , we have /i(fo) > 

2 1 

— ; moreover, we iust saw that \/k is bounded above by 1 H == < 1.027. 

tt' v 12x/10 



3 implied, for instance, by (1 5 II) and (I60D 
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So the constants C2 , C3 denned in Appendix [B] can be used as upper bounds 
on the coefficients respectively of erg sin 2 1? and er 2 . cos 2 d sin 2 <p in the lengthy 



expression which controls 



III-^- 
180 



(cf. supra). Using them and recalling 



(jlip . we infer from the control just mentionned that: 



\lJI > sin 2 d 



^ - e(C 2 + 19c 17 S) - y^5^(ch + C12 + ic u ) 



cos $ sin <p 



_L_ £( C 3 + 13 Cl ^)-^( Cl 3 + ic 14 ) 



Therefore 7J7 > provided e and S are taken (fBTj) (p)2"j) -small. Proposition [5] is 
proved. 

Concluding the proof of Proposition [2j By inspection of the smallness 
conditions ((59)) through (|62|) which e and 62 must satisfy, we find that (|6T|) is 
the strongest one bearing on e, because C2 (like C3 < C2) is O(10 18 ) while the 
constants Cj's (with 11 < i < 17) are 0(1). It is also the strongest smallness 

condition on 6 — 5 2 since setting e — 1 in (foTj) yields 5 < — . We will thus take: 

78 

5 2 = 0.01 (28) 

and, plugging this choice in ([6"I]). get: eC 2 < 1.214x 10~ 3 . Since C 2 < 1.4x 10 18 , 
it leads us to take: 

772 = 8.6 x 10~ 22 . (29) 

So, Proposition [2] holds with (772,^2) as just chosen and ft = (as found 

396 

above) . 



6 c-curvature almost-positivity elsewhere 

In this section, we prove Theorem[5]at (mo, Vo,£, v) when exp mo (Vb) stays away 
from mo and as specified^ in the: 

Proposition 3 There exists a couple of small (strictly) positive real numbers 
(773,^3) such that C(mo, Vb)(£, v) satisfies the lower bound (0) with <; = pro- 
vided e = \K— l\c 3 (S) < V3 and i<5 2 < |Vo| < ^1 - Re- 
proof. The following pinching holds: 
1 



-5 2 VT~e < f < 7T ^1 - -tfij VTTe . 
Recalling (|2"6"]l and assuming that e < 772, it implies the other one: 

< 7-0 < ( 1 - 7<5l) 7T, (30) 



100 V 4 



17 sticking to the notations of Propositions [T] and [2] 
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the right-hand side of which yields the estimate: 

1 7T . . 

h sm(f<5i) 

recorded here for later use. From Corollary Q] combined with (jlOp . (fTT|) . ro < it 

and k > 1, we may write: 

i±C(m ,V )(Z,v) > -C(m ,K))(e^)-4 si n 2 ^(338C 1 V + 20^(c 6 + c 7 )) 
h K h 

- cos 2 i? sin 2 93 (268C 1 3 tt 10 + 207r(c 6 + c 7 )) . (32) 
/i 

The inequality: 

h ^sinro (33) 
/i sinro 

obvious from Remark [3J will be used below to deal with the left-hand side of 
(152"j) . As for the term — C(mo, Vb)(£, ^) occurring in the right-hand side of (pJ2"|) . 
recalling its expression ([7]), we split it into two summands, namely, the square: 



.> i • a /r^-sin 2 r . / r 2 - sin 2 f 

b i = 2 sin w cos (/3-i / cos sin 054 / — 

y r sin J r y rg sm r 

and the remaining part, equal to: 

, 2 q • 2 fci(fo) , , ■ a , 2 cosfMf) a a cos f fa 2 (f ) 

62 = sm i?sm (a— — „ _ + 8 sm v cos <p — —± — ^—^ hocos vsm <p — , 

r£ sin" 1 fo r siir r rg sin r 

where 

h\ (r) = t 2 + t sin r cos t — 2 sin 2 r , 
/12 (t) = (t + sin t cos r) sin r — 2t 2 cos r . 

Obviously, setting: 



/ii(r) := min 



hi(r) 8cos|/i 2 (§) 8cos§/i2(|> 
~5 : 2 ' 



v t sm r r sm r r sm r 

we have: S2 > /xi(fo)(sin 2 $ + cos 2 1? sin 2 ip) , so we focus on a positive lower 
bound on /ii(fo). 

To proceed further, let us distinguish two cases and split the proof accord- 
ingly 

49 

6.1 First case: 5o < r < 1 

100 

In that case, on the one hand we may write: 

T < "A ' ( 34 ) 
/1 sm 1 
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on the other hand, combining ([55)1 with the alternating series test applied to 
the Maclaurin series of sinfo, we get: 



fi 1 6 



so p"2"j) implies: 



6\ 3 1, eG 



~) C(m ,V )(e,f) > -C(m , -l/ )(e^)-^-(sin 2 ^ + cos 2 z9sin 2 ^) , (35) 

sin 1 



where C4 is the constant defined in Appendix IB. 41 Besides, the following lemma 
holds: 

Lemma 3 The function h\ (resp. hi) is increasing on [0,tt] (resp. on [0,|]| 
Furthermore, for each r G [0, 1], i/ie alternating series test holds for the Maclau- 
rin series of h\(r) and h2(r), implying the lower bounds: 

Wx)>^(7-AM,)>f 6 ^-^ 

The proof is lengthy but rather elementary hence left as an exercise. Combining 

T T 2 

this lemma with the standard bounds sinr < r, cos — > 1 , we get: 

2 - 8 5 

14 rj ( ^ 1 t) \ 1 / _ 5 ^ \ \ 1 _2 / -t ^ —2 



Mi (fo) > min r n 1 r n , — r n 1 r n = — r n 1 r' r 

pn U; - V 315 V 7 V 45 V 28 V/ 45 V 28 

and, from (l30l) . conclude: ^i(fo) > 4.38 x 10 -3 <5 2 - This lower bound combined 
with (j3"5)) implies: 

C(m ,V r o)(£,!-') > ^0 2.19 x 1CT 3 5| (sin 2 i9 + cos 2 t9sinV) , 
provided e is taken (|6"3"l) -small. Recalling (l2~Tj) . we thus obtain @ at (mo, Vb, £, f) 



1 /5^ 3 



with c; = — - [ — I 2.19 x 10 3 8\. Here, the value of 82 is the one chosen at 
4-7H \ 6 / 

the end of Section [5J namely 82 = 0.01; plugging it in the preceding formula, 
and in ([Ml) together with the sharp bound C4 < 3.6 x 10 18 , leads us to take: 

773 < 3.62 x 10~ 26 , <? 3 = 3.21 x 10~ 9 . (36) 

6.2 Second case: 1 < f < fl — n 
Back to (I3"2"1) . using pip , we now have: 



^C(m , V )(£, v) > -C{m , V )(£, v) - .^^ (sin 2 + cos 2 sin 2 , 
fi K sm 6 (f tt' 



fj 5 ;,■ ^nr' I ill 

hence 



f&C(ma,V ){Z,v) > (/ii(fo)- (sin 2 t? + cos 2 sin 2 . (37) 
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Moreover, using: 

r . (ir — t) Ok — t) (it — r) 

suit = sm(7r — r) < 7r — t, and cos — = sin > — . 

v ' ~ 2 2 ~ 2 48 

with r = fo, we have: 

2_ > _ _ V )_ > Q 4 

sinf ~ 2 48 

therefore: 

8coa W3> > k 2 (\\ > 2.6 x 10- 



7q sin ro 7r 3 \ 2 

Besides, we directly get: 

M*>) > Mil > 3.9x10- 



r 2 sin 2 r 



and thus conclude: Ati(?"o) > 2.6 x 10 4 . Finally, from (1551) . we infer the bound: 

/i < A , £\ sinr 



/ x V 2/ sinr 
and from the identity: 

sinro = sinfo cos[(v / k — l) r o] — cosfo sin[(v / K— l) r o] , 
we readily get: 

sin 7-q < 1 sin[(y / K- l)r ] < 1 2e 
sinfo" sin(^Tr) " ^ f 1 - ^ 



It prompts us to take e (JMJ-small with Si as chosen at the end of Section [4] 

fi 

(namely Si — 1.48 x 10~ 15 ), in order to keep the ratio below |. Plugging in 

fi 

(157)) the latter upper bound together with the former lower bound on /ii(ro), 
we obtain: 

- 5X 3 



C(m ,Vo)(Z,v) > y-J 1.3 x 10" 4 (sin 2 i9 + cos^sinV) , 

provided e is taken (|551 -small. Recalling (|21l) . we conclude that C(mo, Vo)(£, v) 
satisfies @ with: 

^<T^f?Vl.3xlO- 4 , 



4tt 2 V6, 

so here, it is sufficient to take: ^3 < 1.9 x 10~ 6 , a condition well satisfied by 
the value chosen in (|3"6"|) for c; 3 . Finally, recalling that Si was taken equal to 
1.48 x 10~ 15 , the smallness condition (|6"5"|) on e leads us to take: 

?y 3 = 1-8 x 10~ 69 . (38) 

This tiny value (compare with (|26l)(|29l)((36|) ') reflects the fact that a perturbation 
device from the constant curvature case becomes outrageously rough as |Vb| t 
(i.e. getting close to the first conjugate point). 
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7 Proof of Theorem [2] 

The proof of Theorem[5]at (mo, Vq, £, v) goes by combining Propositions!]] [3]and 
[3] Doing so, we first observe that the assumption made on \Vq\ in Proposition 
[3] overlaps, as it should, the corresponding ones of Propositions [TJ and [U Next, 
since e should now fulfill all the smallness conditions stated on it in Sections EJ 
[5] and [SI we take rj in the statement of Theorem [5] equal to: 

77 = min(r7i,772,»73) = r?3 = 1-8 x 10~ 69 . 
Similarly, we choose: 

<T = min(<ri,ft>,ft) = <^3 = 3.21 x 10~ 9 . 

A Proof of Lemma [I] 

We will proceed stepwise in the Fermi chart along Vq, using repeatedly the 
Maclaurin theorem, the solution map Sf and its contraction property, to derive 
estimates at ((0, ro),t), uniform in t G [0,1], on the expressions appearing in 
the conclusion of Lemma [T] and also on |£> 2 JT| and | J AH | for j = 1,2, where 
K = KoX. 

A.l Estimates of order 
A. 1.1 Basic estimates 

From Remark [3J we may take -B101 = 1- Besides, we have: 

\\k-JC\\ < e min(l,r ) . (39) 
On the axis of the Fermi chart, the functions f a — f a — f a (with a — 0,1) satisfy: 
d 2 f a 

—j-^- + r K f a = </>0a with Oa = r (/c - fC)f a ■ 
Combining the latter with ([5]) applied to Sf , and (|3U)) . we get: 

||/ a ||<|min(r 2 ,r 3 ) ||/ a ||. 

If a = 0, since ||/ || < ||/ || + ||/o|| < ||/o|| + 1, we infer: 

Il/oll < j^— with fi = |min(r 2 ,r 3 ), 

while if a = 1, recalling Remark[3j we get at once: ||/i|| < /i. Since e < — ~, we 

have er 2 , < 1 (recalling Remark[5]) , an inequality used throughout this appendix. 
So we readily obtain: 

H/oll < £ min (^^3)- 
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In particular, regarding the first line of conclusion of the lemma for k — 0, we 
may take -B200 — li-^oi = — , which yields -B100 = 2 after use of the triangle 
inequality. Similarly, setting ho = 1 and hi = t, we find on the axis: 

fa - K = S r - (-ro K. h a + rl(n - IC)(f a - h a )) 

for a = 0, 1. Combining with an argument as the one above for /o yields: 

||/a-^||<^&<r 2 ||/C|| 

hence the inequalities: 

||/o-l||<fg(l + e), ||/i-t|| <rg(l + E ) , (40) 
recorded here for later use. 

A. 1.2 Estimates on Maclaurin approximations 

The first order Maclaurin approximation of JC at t — satisfies the estimate: 

\\K-K-tr d 2 K(0)\\ < X -erl . (41) 

The latter combined with the triangle inequality is used to evaluate the remain- 
der of the first non trivial Maclaurin approximation of 0o a at i = 0, namely of 
0o« + t a+1 rl d 2 K(0) written as: 

00a + t a+1 rl d 2 K(Q) = Vq (JC k tr Q d 2 K(Q)) f a + tr 3 Q d 2 K(0) [h a - /„). 

It leads us to the upper bound: 

||0oa + t a+1 rl d 2 K(Q)\\ < \z 4 H/all + e r 3 ||/ a - h a \\ 
which, combined with (|40|) and ©, yields for 

/„ + rf t ^0 S r - (t a+1 ) = S r - (0oa + f+Vg d 2 K(0)) 

the desired second line of conclusion with B 30a = 7-Bioa + 77 f 1 + — , 

4 2 \ 7T^ 

A. 2 Estimates of order 1 
A. 2.1 Basic estimates 

From the definition of JC and /1, we have at (wq, t): 

DxK = fx{t) (diK)(0,tr ), D 2 JC = * (d 2 K)(0,tr ). 
Recalling Remark [31 we conclude: 

Vi = 1,2, Vt <= [0,1], |A^(u ,t)| < e, thus H^/C^o,.)!! < \/2e. (42) 
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Besides, if we apply D v to the Jacobi equations: 

/ + \v\ 2 JC{v, t)f = and / + \vfnf = 0, (43) 

then let v — vq = (0,ro), we readily infer for f a the equation (still abbreviating 
d 2 f 

freely D v by a prime): — + r\n f a = 4> la , with: 

(f>ia = r 2 (n - K)f' a - 2r Q cosip nf a + 2r cos(p /„(« - K) - TqIC' f a , 
d 2 f - 

and for f a the equation: a + r 2 n f' a = —2r cos(p nf a . Recalling J8j, we get 
from the latter the auxiliary bound: 

||£||<r «<ci (44) 

(see Appendix [Bjl . and from the former: 

ff'aW < \rl\W-n (\\f'a\\ + \\f' a \\) + r K ||/„|| + r ||K-JC|| ll/ ||+^ 2 ||/C'|| ||/„||, 



after use of the triangle inequality. Previous bounds, namely (|39 [) (|42|) ()44[) and 
those of Lemma [T] for k = 0, yield: 

Wf'J < ^j— j \ + B 2 o a enrl + B 10a er + )-B Wa \/2srl ) 

hence the conclusion of the first line of the lemma holds for k = 1 with: 

B 21a = 1 + 7T 2 + 2B 20a (l + 7T 2 ) + B 10a {2 + nV2), 
and, combining the triangle inequality with the auxiliary bound on f' a , with: 

B lla = n+-(1 + B 21a ). 

A. 2. 2 Estimates on Maclaurin approximations 

From the expression found above for DIC(vo,t), we may write: 

D v fC(v ,t) = td u K(0,tr ) + sm<p diK(0,tr ) (fi-t). 

So, using the straightforward bound: \d v K(0, tr ) — d u K(Q)\ < er combined 
with the triangle inequality and (|40[) . we obtain: 

\\JC' -td u K(0)\\ < (l + c 1 )er . (45) 

We wish now to estimate the remainder of the first non trivial Maclaurin ap- 
proximation of 4>ia at t — 0, namely the |.| norm of the expression: 

4>ia + 2t h a r 2 cosip d 2 K(0) + t h a r 2 d v K(0). 

To do so, we recast the latter as follows: 

= -2nr cosip f a -2r Q cosip f a (/C - k- tr d 2 K(0))+2tr 2 cos ip d 2 K(Q)(h a - f a ) 
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+r 2 (n - JC){f a + f' a ) - r 2 (£' - td u K(0)) f a - tr 2 d u K(0)(f a - h a ) 

and apply the triangle inequality combined with (001) (HD) (0U) (HSJ) and the 
bounds of the lemma on the ||.|| norms of / , f' a . Observing that, if we apply the 
map S r - to the preceding expression and use (|9j), we recover f' a +r 2 ipi S r - (t a+1 ), 
and recalling ©, we infer that ||/^ + r 2 tpi <S r - (i a+1 )| is bounded above by: 

erl Q^ioa \ 2 + 7T+^)+ B 2 o a K + B 21a £ - + ^r (l + e) + | 

The second line of conclusion of Lemma Q] for fc = 1, indeed, follows with: 

B 31a = l-B 10a ( 2 + TT + - ] + B 20(I (1 + -4 I +S 2 i a - 1 ( °" + ' ! ' 1 ' 



2 \ 7T / \ TT Z J 2ir z 2 \ 1T Z 

A. 3 Estimates of order 2 
A. 3.1 Basic estimates 

As in ]J\, applying twice D v to the geodesic equation with initial conditions 
(0,w), then letting v = vq = (0,ro), and recalling the 2-dimensional formulas 
given after Definition for the derivatives of the Christoffel symbols on the 
axis of the Fermi chart, yields for D vv X l (t) = D [Jl/ X l (0,VQ,t) the following 
equations, with zero initial conditions: 

d 2 

— {D vv X 1 )+rllCD uv X 1 = - 4r cos(psm<p JCfi 

- r 2 sin 2 ip f 2 {{diK)oX) 

— 2r 2 sintpcos^ tfi ((dzK) o X) , 

^ {B VV X 2 ) = 4r sin 2 tp Khf\ + r 2 sin 2 <p f 2 {{d 2 K) o X) . 

To treat the first equation, we view K as a perturbation of k and apply the 
solution map Sf and the estimates © (159")) and that on ||/i||; to treat the 
second equation, we use our estimates on \\1C\\ and ||/i|| and note the further 
one: 

h{t) = 1+ f h{0)d0 = l-r 2 ( K{9)h{9)dB=>\\h\ < l+r 2 (l+e) < 2 + tt 2 . 
Jo J o 

We readily find: 

\\D vv X l \\ < c 2 r , \\D VU X 2 \\ < c 3 r . (46) 

Next, we calculate the expression of D vu K,{vq, t) and obtain: 

D vu K{v ,t) = d x K(0, tr ) D VV X X + d 2 K{0, tr ) D VV X 2 

+<9n ^(0, tr ) fl sin 2 <p + 2d 12 K{0 1 tr ) tfi sin <p cos ip 
+d 22 K{0, tr ) t 2 cos 2 ip , 

from what we infer, using (|46[) combined with Remark [3J 

\\D vv IC(v , .)|| < (c 2 + c 3 )er + 2e< c A e. (47) 
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Now, we apply D vll to and get, on the one hand: 

|a (fa) + rl^l: = -2nf* - 4w cosy f' a , 
from what, recalling (|44j) . we infer the auxiliary bound: 

IIO<c 5 , (48) 

on the other hand: 

d 2 



5p (/:)+«' 



with: 

02a = r 2 ( K - /C)/: + 2(«/ a - £/„) + 4r cos ip(Kf' a - JCf a ) 
-4r cosy /afl^K - 2r 2 f a D v K> - rlf a D vu K. 

Finally, from (J5J) applied (with w = fo) to the latter equation, we routinely 
derive the first line of conclusion of Lemma Q] for k — 2 with: 

B\2a = C5 H nB22a , 

after use of the triangle inequality combined with (|48p , and: 

B 22 a = 6+7r 2 (4+C5) + (4V2+7rc4)^B 10 a+2\/2^ 2 B llQ +2(l+^ 2 ) (£ 20a + 2B 21a ) , 

after use of the triangle inequality combined with (|31?)) (|4"2j) (|4"4"]l (|47p and the 
bounds of the same line of conclusion for k = 0, 1. 

A. 3. 2 Estimates on Maclaurin approximations 

Finally, in order to estimate the ||.|| norm of f£ + roV^fo ), we note that 
the latter is equal to Sf (foa + 2th a r d2K(<S) + 4r cosy th a d v K(0)), we recast 
the argument of Sf as follows: 

<t>2a+2th a r d 2 K(0)+Ar cosv th a d v K{Q) = r 2 (K-IC)f::~2r 2 f' a D u IC-r 2 f a D I ^IC 

-2k] a - 2tr Q d 2 K(0)(f a h a ) 2 [K, k tr o d 2 K(0)) f a - 4r cosy nf' a 

+4r cosy(«:-/C)/^-4r cosy f a {D V K - td v K (0))+4tr cos ip(h a -f a )d„K(0) , 

and we apply © with u) = fo to the right-hand expression, combined with the 
triangle inequality, the previous bounds of LemmaQ]and (gHJ) (|4T|) (ji^ (ji5)l (|47)l . 
Doing so term by term, we obtain the second line of conclusion of Lemma [T] for 
k = 2 with: 

B 32a = \ B l2a + V2B lla + ^B 10a C 4 + (l + B 20 a + Cl 

+ ^B Wa + 2 (l + J B 2 ia + 2B lla + 2B 10o (l + c x ) + 2c a 
= 3ci + -(5 + 4ci + c 4 )B 10a + (V2 + 2)Su„ + --B 12a 

1 + 4 ) (B 2 0a + 2B 2 la) ■ 
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B Auxiliary universal constants and conditions 
B.l List of constants for Section [3] 

c ^ 4 (^ + ^ + 1 )' C3 ^ + 2 ( 1 + i) (2 + ^' 

11 8 , 1 9 

c 4 = — + IOtt H h 2tT, c 5 = 1 + — + 2cj, 

2 7T 7T Z 



C6 = SUp 

Te[0,27r] 



r — sin t 



, C7 = SUp 

r£[0,27r] 



r 2 + 2(cosr - 1) 



c% = sup 

rG[0 : 2ir] 



t cos r — sin r 



cio = sup 

re[0,27r] 



, Cg = SUp 

tG[0,2tt] 

cos t sin t — t 



r cos r — sin r 



C\ = max ( max (B u . a , B 3fea ) , 8c 6 , 8c 7 , ^|c 8 , ^c 9 , c i0 

\a=0,l;fc=0,l,2 18 9 



B.2 List of conditions on e and 5 = 8\ for Section [4] 



| cosy| 



1 



t(§+')' 



£7tS 2 11 > 



(49) 



an inequality to be used only in subsection 14.21 with | cosy>| replaced by 
2e _ n / e _\ 2 £7r 2 / . e \ 3 



1 



2^1- +5 



— ( 1 + 2) + r 



(§+*) " 2 



7704' 
(50) 



^ > i?i(e,<5):= £ ('s 221 + ii? 2 oo 



1 fe 
16 



(5 + «y 



(51) 



2-t/Jm, ( (| + ^) (l + |) + iijin 



1 - 



7T 2 (1-|-^ 



1 + STT 2 B 2 QQ 



s 



1 - 



> 



+ 5 



16V3(tt 2 +5) " V !-(§+<*) 



(52) 



^2 > i? 2 (e, tf) := fli(e, 6) + 8B m ((| + <j) (l + | ) tt + £7r5 210 ) (53) 
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1 



2tt 2 15408 2 
1 



> 



+ 5 



1 - 



> 



:§+<o 



100tt 2 15408 2 ~ 1 



B120 + 2^ 121 ^-Biio-Bm + t^tj 



(56) 



(57) 



V3 
8tt 2 



> 



1+2 I 



£ LB 



221 + -7- -62 11 

5 



(58) 



^111 ( (- + *) (l+|) + :«2iu 



i-(f + «0 



B 
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B.3 List of constants and conditions on e and 5 
Section 



2) ~ 2 



5o for 



(59) 



en = sup 

re[0,f 



r 2 + t cos r sin r — 2 sin 2 r 2 

45r 



• 2 

r° sin r 



C12 = sup 
re[o,f] 



2(sinr - rcosr) 2 / 2r : 
' ' 3^ I + T 



t 3 sin 3 r 



C13 = Slip 
re[0,f 



2(sinr — t cost) 2 



r 

3r 3 V + 15 



C14 = SUp 
re[0,f] 



4(sin 2 T-r 2 ) 4 



+ 



r 5 sin 2 r 3t 3 V '5 



1 + — 



C15 = SUp 
re[0,f 



r — sin r 



C16 = SUp 
re[0.f 



r 2 cos r — sin 2 r 



. 2 
t sin r 



C17 = SUp 
re[0,f] 



2 cos r — 2 + r sin t 



12r 2 



(60) 



C 2 
C 3 



SSSCjV 1 206 ro , , . , . 
8 h 100 ' ^ Cl5C6 + Cl6C7 ) + ( Ce + C 7) c 15j 

268C 1 3 tt 11 411 . . . , , n 
8 ^ 100 ^ Cl5C6 + Cl6C7 ) + ( Cf3 + C 7) c 15j 



— > e (C 2 + 19c 17 S) + S (en + ci 2 + -C14) 
^ > e (C 3 + 13ci 7 S) + ^5 (ci3 + ic 14 ) 



(61) 
(62) 
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B.4 A constant and conditions on e for Section [fj] 

C* 4 = 3387r 10 C 3 + 207r(c 6 + oj) 

e < 2.19 x 10- 3 ^-S 2 2 (63) 

1.3 x 1(T 4 
£ < ^— sin' 



7T 3 C 4 



in 3 (p^ (65) 
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